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Read chapter 1 (“ Formal Logic”) and complete
the following problemsto hand in:

p30 (81.2): 1, 4, 6, 12
p41 (81.3): 4a, 8b, 9a, 12a, 15¢, 16a
p56 (81.4): 2, 4,9, 17
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Propositional Logic
Justify each step in the proof sequence of

[A - (BOC)] OB OC - A’

A - (BOC) hyp

B’ hyp

(04 hyp

B OC con, 2,3
(BOCY DeMorgan, 4
A’ mp, 1,5

Use propasitional logic to prove that the argument isvalid:
A-BOA-B-0]-((A-0

- B hyp

- (B -0 hyp
hyp

- C mp, 3, 2
mp, 1, 3
mp, 4,5

OWwW > > >

Use propositional logic to prove that the argument isvalid:

A'OADB) - B

A’ hyp

A OB hyp

A - B imp, 2
B mp, 1, 3

Use propositional logic to prove that the argument isvalid:

(POQOP - Q

POQ hyp
P hyp
P -Q imp, 1

Q mp, 2, 3



§1.3

8b.

%a.

12a.

Quantifiers, Predicates, and Validity

Find an interpretation in which it istrue, and onein which it isfalse:
(0x) ([AX) U B(X) ] O[AKX) OB(X)]")

Domain = all dinosaurs

True:  A(X) = dinosaur had two legs
B(x) = dinosaur had four legs

All dinosaurs had two legs or four legs, and no dinosaurs had both four legs and two legs.

False: A(X) = dinosaur eats meat
B(x) = dinosaur eats plants

All dinosaurs ate meat or ate plants, and no dinosaurs ate both meat and plants.
(Ornithol estes was believed to be an omnivore.)

Using the predicate symbols shown and appropriate quantifiers, write each English language
statement asa predicate wif.

J(x) is“xisajudge.”

L(x)is“xisalawyer.”

W(X) is*“xisawoman.”

C(x) is“xisachemist.”

A(Xy) is“x admiresy.”

“No woman is both alaywer and a chemist.”

[ (WM DLX) OCO) I

Using the predicate symbols shown and appropriate quantifiers, write each English language
statement asa predicate wif.

C(x) is“xisaCorvette.”
F(x)is“xisaFerari.
P(x) is“xisaPorche.”
Sxy) is“xisdower thany.”
“Nothing is both a Corvette and a Ferrari.”
(BY(CK) - F(x)')

Give English language trandations of the following wffsif

L(xy) is“Xxlovesy.” H(X) is“x is handsome.”
M(x) is“xisaman.” j is*John.”
P(x) is“Xis pretty.” kis*Kathy.”

W(X) is“xisawoman.”
H(j) O L(k))

“John is handsome and isloved by Kathy.” (Whether or not the love is unrequited isnot
addressed by the wff.)



15c.

16a.

Explain why each wff isvalid:

(39 (Qy) P(xy) — (Oy) () P(xy)

Since the existence of the x was stated prior to and unpredicated on any qualification of y, X's
existence may be taken as unrelated to the scope of y, up to and including universal scope.
Moreover, the antecedent of the implication states as hypothesis that the known x has the
relationship P(x,y) for every possibley. Since the scope of y is universal, then it is atautology that
the same X, whose existence has already been hypothesized, will therefore still exist in the same
relationship P(x,y) for everyy.

With regardsto last week’ s class discussion, hereis my reasoning for believing that the converse
does not necessarily hold true, ie:

(Cy) (%) P(y) s> (5¢) (By) P(xy)

The domain is Gilligan’s Idland, which featured three women (Ginger, Mary Anne, and Mrs.
Howe) and four men (Gilligan, Skipper, Professor, and Mr. Howe).

Let x="“aman.”
Lety = “awoman.”
Let P(x,y) = “Man x has alifelong and monogomous rel ationship with woman y.”

(dy) (X) P(x,y) trandates as “For every woman on Gilligan’s Idland, there exists aman on the
idand with whom she has a monogomous and lifelong relationship.”

(¥ (Oy) P(xy) trandates as“Thereisaman on Gilligan's Iland who has a monogonous and
lifelong relationship with every woman on theidand.”

Clearly, (Oy) (X) P(x,y) could be true (personaly, I’d match up Gilligan with Mary Anne and
Ginger with the Professor ©), yet would certainly not imply () (Oy) P(x,y) —whichis
impossible anyway.

To take another example from pop culture (thistime, a song from the 80’ srock group Poison) the
bromide “every rose hasitsthorn” does not imply “thereisarose for every thorn” — some bristles
are found lurking in thorny math problems!

Giveinterpretationsto prove that each of the following wffsisnot valid:
(BIARX) D (D9B(X) — (B[ A(X) U B(X)]
ThedomainisldaSorna, ie Jurassic Park “Site B.”
A(X) = Dinosaur x has a skull with 12" of solid bone.
B(x) = Dinosaur x has 6" dagger-like teeth.
The wff isnot valid according to Jurassic Park: The Lost World because, although Isla Sornawas

populated by pachycephal osauruses (A(x)) and Tyranosaurus Rexen (B(X)), there were no mutant
bone-domed carnivores.
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2.

Predicate Logic

Consider the wff

(0¥ [(GNP(y) O(0) Qxy)l ~ (0x) () [P(xy) OQxY)]

Find an inter pretation to prove that thiswff isnot valid.

Domain: All possibleimplicationsA — B
P(x,y) = “y isthe converse of X"
Q(xy) = “yisthe contrapositive of x”

The wff would therefore trand ate as, “For all wffsx of theform A - B, there existsa
wff y which isthe converse of x, and awff y which isthe contrapositive of x. This
impliesthat for all wffsx, there exists awff y which is both the converse and the
contradiction of x.”

Thisis provably false, since for any wff x of theform A — B, the contrapositive will
havetheform B’ — A’, while the converse will havetheform B — A. These are clearly
different (and non-equivalent) wffs.

We can easily show that that B' -~ A’ isunequivalent to B — A by counterexample, by
showing a case where the latter istrue yet the former isfalse:

If Bis“being abook” and A is*“al things made of paper”, then we know that B - A is
true (if athing is abook, then thething is made of paper). However, just because a thing
isnot a book does not mean that athing is not made of paper..

Find the flaw in the following “ proof” of thiswff.

1 (09 [()P(xy) O(0) Qxy)] hyp
2. (OX) [P(x,a) OQ(x,a)] a,1
3. (O (D) [P(xy) DQ(xY)] eg, 2

In step (2), the same value aisinstantiated in two different parts of the wff. Thereisno
reason to believe, based on the hypothesis given, that the same value a for variabley
would necessarily hold true for both P(x,y) and Q(x,y). Therefore, this should have been
donein two Existential Ingantiations, one using the value a and the other using the value
b. Thiswould have prevented the incorrect Existential Generalization transformation

applied in step (3).

Prove that the wff isavalid argument:

PO DNE

(B¥) P(X) — (0x) [P(x) 0 Q(X)]

(Ox) P(x) hyp
P(x) ui, 1
P(x) 0Q(X) add, 2

() [P() 0 Q(X)] ug, 3



9. Either provethat the wff isa valid argument or give an interpretation in which it isfalse:

1 (09 [AX) OBX)] hyp

2. AKX OB(X) e, 1

3. AKX sim, 2

4. B(X) sim, 2

5. (X AKX) eg, 3

6. (X B(X) €9, 4

7. (YA O(3)B(X) con, 5,6

17. Either provethat the wff isa valid argument or give an interpretation in which it isfalse:

[PO) - (NQAXY)] - (M[PK) -~ Qx.Y)]

1 P - (yQky) hyp

2. P(x) temp hyp

3. (Qxy) imp, 1, 2

4, Q(x,a) g,3

5 PX) - Qkxa) temp hyp discharged

6. (WIPX) - Qxy)] g, 5

(¥ [AX) OBX] ~ (BARX) 0(09B(x)
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Read chapter 2 (“ Proofs, Recursion, and Analysis of Algorithms”)
and complete the following problemsto hand in:

p15 (81.1): 11c, 15d, 19d
p30 (81.2): 8, 25,29
p41 (81.3): 4d, 9e, 15e
p56 (§1.4): 10, 18, 24
p76 (81.6): 3,8

p93 (§2.1): 14, 22



8§1.4  Statements, Symbolic Representation, and Tautologies

1ic. Construct truth tablesfor the following wffs. Note any tautologies or contradictions.
AO(A' OBY

Firg, let’ssimplify the wff, to minimize the number of columns needed for the truth table:

1. AOQ OBY hyp

2. A sm, 1

3. (A’OBY sm, 1

4, AOB DeMorgan, 3

5 B sm, 4

6. AOB con, 2,5
A B AOB
F F F
F T F
T F F
T T T

15d.  Verify by constructing truth tablesthat the follow wffs are tautologies.

A - (AOB)
A B | AOB A - AOB
F| F F T
F| T T T
T F T T
T T T T

19d. Use algorithm TautologyTest to prove that the following ar e tautologies.
(AOB)UB - A
Comment: On the surface, this appearstrue by inconsistency. B [0 B’ isa contradiction, so the wff

essentialy says nothing at all about the value of A —meaning that theimplication istrue, iethat, if
A, then A, elsenot A.

1. Consder (AOB)OB - AtobeofthefomP - Q
2. AssumePistrue

3. AssumeQisfalse

4. Assume (A OB) OB’ istrue 1,3)
5. AssumeA isfalse 1,3
6. Assume (A OB)istrue (4,9m)
7. AssumeB’ istrue (4,9m)
8. AssumeA istrue (6,9m)
9. AssumeBistrue (6,9m)
10. AssumeB isfalse @)

11. *** All letters now have truth | etterst**

12. Totasare

13. A:false true (5,9)
14. B: true, false (9, 10)

15. Both A and B end up with multiple truth values
16. .. contradiction, ie (A OB) OB’ - A isatautology
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25.

29.

Propositional Logic

Use propositional logic to prove that the argument isvalid:

(A -~ B)OBO(A -C) -~ C

A - B
B
A-C
A OB
B'OA
B-A
A
C

N O~ WNE

hyp
hyp
hyp
imp, 1
comm, 4
imp, 5
mp, 6, 2
mp, 3, 7

Use propasitional logic to prove the argument valid:

(AOB)OA - C) OB - C) -

AOB
A.C

B-C

A OC

B OC

(A’ 0C)0(B' 0C)
(A’ OB)0OC
(A’ OB) - C
(AOB) - C
0. C

PODNPRE

HBO NGO

C

hyp

hyp

hyp

imp, 2

imp, 3

con, 4,5

rev dist, 67
imp, 7
DeMorgan, 8
mp, 9, 1

Using propositional logic, prove that each argument isvalid. Usethe statement letters

shown.

If the program is efficient, it excutes quickly. Either the program is efficient, or it has a bug.
However, the program does not execute quickly. Therefore, it hasabug. (E, Q, B)

(E- QUUEDBDQ - B

E-Q
EOB
o
E0Q
E

B

Sk wNE

hyp
hyp
hyp
imp, 1
ds, 4, 3
ds, 2,5
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%e.

15e.

Quantifiers, Predicates, and Validity

For each wff, find an interpretation in which it istrue and one in which it isfalse.

(BILAK) O (Oy) Blxy) ]

True:
The domain isall positive even integers.
A(X) = “X < 3))
B(x,y) = “y/ x isapositive integer”
False:

The domain isall positive even integers.
A(X) = “X > 3))
B(x,y) = “y/ x isapositive integer”

Using the predicate symbols shown and appropriate quantifiers, write each English language
statement asa predicate wif.

C(x) is“xisaCorvette.”
F(x)is“xisaFerrari.”

P(x) is“xisaPorche”
Sx,y) is“xisdower thany.”

“Some Porches are dower than no Corvette.”

(B9 (By) [(PEY T CY)) - Sxy)']
Explain why each wif isvalid:
([AK) — BX)] — [((XAKX) - (Dx)B(X)]

Thisisvalid because in both sides of the primary implication, the predicate A(X) filters the scope
of x which isthen evaluated by B(X).

In the antecedent, ((Ix) starts the wff by declaring x to be “wide open” — anything within the
domain. However, the predicate A(X) immediately narrows down the possible values of x to only
those matching A(X). It isthissubset of [Ix which isthen implied to be a so true under B(x).

In the consequent wiff, thisis not immediately obvious, because we now see the notation (CIX)B(X)
and think, “Whoa, we don’t know that to be true —we don’t know that B(x) istrue for all x,
because that wasn’t said in the antecedent wif — we only knew that B(x) was trueif A(x).”

However, the same reasoning holds true, because the antecedent in the consequent wff does apply
afunctionally similar filter on theinput to B(x). In thiscasg, it sates, essentialy, that “For al x
such that A(x), then B(x).” le, we no longer start with atruly “global” x aswe did in the first wff —
we start with a pre-filtered subset of global, matching A(x), which is exactly the antecedent we
need to know that B(X) is true for al filtered-possible values of x.



8§14  PredicateLogic
10. Either provethat the wff isa valid argument or give an interpretation in which it isfalse.
(59 [RX) OSX)] - (BR(X) O (B)SX)
Start by re-writing the conclusion as.

[(OBIRK)]" ~ (BYSX)

1. (59 [R(x) OSX)] hyp
2. [(BORM)J hyp
3. (OXYRX) neg, 2
4. R(a) ui, 3
5. R(@ OYa) e, 1
6. R@' - Sa) imp, 5
7. Sa) mp, 5, 4
8. (¥YSX) e, 7
18. Either provethat the wff isa valid argument or give an interpretation in which it isfalse.
XP(X) - Q)] DOY[Q(Y) —~ R(y)] IXP(X) - [XR(x)
1. P - QX)] hyp
2. Ly[Qy) - R(Y)] hyp
3. OxP(X) hyp
4. P(@) - Q@) a,1
5 P ui, 3
6. Q) mp, 4,5
7. IXQ(X) eg, 6
8. Q(b) - R(b) ui, 2
9. Q(b) e, 7
10. R(b) mp, 8, 9
11. IXR(X) eg, 10
24. Using predicate logic, prove that each argument isvalid. Use the predicate symbols shown.

Every computer science student works harder than somebody, and everyone who works harder
than any other person getsless deep than that prson. Mariais a computer science student.
Therefore, Maria gets less deegp than someone el se.

C(¥), Wxy), S(xy), m

OXC) —~ W(xy)] OOXWxy) - Sxy)] DC(m) ~ LySmy)

1 OC(X) - Wxy)] hyp
2. OxWxy) - Sxy)] hyp
3. C(m) - W(my) ui, 1
4. C(m) hyp
5 Wmy) mp, 3, 4
6. W(my) - Smy) ui, 2
7. Smy) mp, 6, 5
8. ymy) eg, 7



8§1.6

Proof of Correctness

Verify the correctness of the following program segment with the preconditon and
postcondition shown.

{x=1}
y=x+3
y=2*y

{y=28}

{Q {x=1}

S y=x+3
{Ri} {y=4

S y=2*y
{R} {y=8

Verify the correctness of the following program segment with the preconditon and
postcondition shown.

{x=T1}
if x<0then
y=X
else
y=2*x
end if
{y=14
{Q} {x=T7}
{B} {x<0}
{P} y=X
{P2} y=2*Xx
{R} {y=14

{QUB} P {R}
{x=7andx<0}y=x{y=14}
{x=7andx<0}y=7{y=14}

true because { Q OB}’
{QUB} P{R}
{x=7andx>0} y=2*x{y= 14}
{x=7andx>0} y=14{y =14}

true by assignment rule



§2.1 Proof Techniques
14. Prove the given statement.
For every integer n, the number
3(n*+2n + 3) — 2n?
is aperfect square.
In other words, prove the following predicate wff (domain isall integers):
OXCY[30¢ + 2x + 3) —2¢ = V7]

Start by simplifying the equation:

1. 30¢+2x+3)-2¢=y
2. +BX+9-2C=Vy
3. X+6x+9=y

4, (x+3)(x+3) =y

5. (x+3)P°=y

We can now see that the equation isintuitively tautol ogical — obvioudly, any quantity squared will
always result in a perfect square.

22. Prove the given statement.
The sum of three consecutive integersisdivisible by 3.
In other words, prove the following predicate wff:
OXQ(X)~ Q(P(x))]

P(X) = XHX+1D+(x+2)

3
Q(X) = “xisan integer”

Again, begin by simplifying the equation P(x):

XHXx+1D+(x+2)

3
5 X+Xx+1+x+2
' 3
3x+3
3.
3
A 3(x+1)
3
+
5, sHX*DH
0 3 [

Again, the simplified equation makes its truth obvious — clearly, any quantity multiplied by three
will be evenly divisible by 3.
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all those things we cannot know

we dream, we hypothesize

maybe these are secrets shared by those

watching from the sky

if we are only members of the human race

no supernatural beings from a

supranatural place

if you can't solve the problem

come and tell meto my face

— Geddy Lee, My Favorite Headache, “The Angels Share”

Read chapter 3 and complete the following problemsto hand in:

p93 (82.1): 18, 24, 27

pl06 (82.2): 7,22, 37
p118(82.3): 7,9

pl37 (82.4): 8, 15, 33, 37

pl76 (83.1): 6a, 7b, 10k, 17, 35



§2.1

18.  Provethe given statement:
If x*+2x-3=0 then x# 2.

Proof by contradiction:

1. x*+2x-3=0 hyp
2. X=2 hyp
3. 2*2+2(2)-3=0

4, 4+4-3=0

5 5=0

6. Contradiction!

7. 0. x2+2x-3=0 5 x#2

24, Prove the given statement:
The difference of two consecutive [integral] cubesis odd.
Start by expressing the statement mathematically and simplifying:

- (x4 -x
(x +1 x +1
(x +1 x> + 2X +1
X3 +2x% +X+x° + 2x +)-x3
x3 +3x? +3x +1) -
x3 +3x? +3x +1) -
3x* +3x+1

N~ o b wN R

Now we only need to provethat 3x* +3x+1 isodd for al integersx. By
definition, if x isodd, then x— 1 iseven. Therefore, we can instead attempt to

provethat 3x* +3x is even.

1. 3x®+3x
2. 3x(x+1
3. 3(X)(x+1

The above product will be even if any of the three factors are even. We know by
definition that either x or x + 1 is guaranteed to be even, so the whole expression
will be even.

Therefore the statement istrue.



Prove the given statement:
For any two numbers x and y, |xy| =[Xy].

|X| isdefined as x if x> 0, (-1)(x) otherwise (or [0 —X]).

Prove for all four possible cases:

Case | x y
1 neg | neg
2 neg | pos
3 pos | neg
4 pos | pos
Case 1:
1 Ixyl =[x Iyl
2. xy=(0-X)(0-y)
3. xy=Xxy
4. true
Case 2:
1 |xyl =X Iyl
2. (0-xy) = (0-x)y
3. -Xy=-xy
4. true
Case 3:
Identical to Case 2 with x and y transposed.
Case 4:
1 Ixyl =X Iyl
2. Xy=Xxy

3. true



§2.2

7. Use mathematical induction to prove that the statement is true for every positive
integer n.

1?2 +22+..4n% = n(n+1)6(2n+1)

To prove this viathe 1% principle of mathematical induction, we must complete
the following sub-proofs:

1. prove P(1)
2. assuming P(k), prove P(k+1)

Direct proof of #1:

11+ +D

1=1
true

Direct proof of #2:

_ (k+D((k+D)+D(2(k+1) +1)
6

k(k+1)(2k +1) F(k+1)? = (k+D(k+2)(2k +3)

6 6
k(k+D(2k +1) +6(k +1)* = (k +D(k + 2)(2k + 3)
(k? +Kk)(2k +1) + 6(k* + 2k +1) = (k +1)(2k* + 7k + 6)
2k® +k? +2k? +k +6k® +12k + 6 = 2k* + 7k* + 6k + 2k* + 7Tk + 6
2k® +9k* +13k + 6= 2k® +9k” +13k + 6
1=1
true

1P +22 4+ +k*+(k+D?




22.

An arithmetic progression (arithmetic sequence) is a sequence of terms where
thereisan initial term a and each succeeding term is obtained by adding a
common difference d to the previous term. Prove the formula for the sum of the

first n terms of an arithmetic sequence (n = 1):

a+(a+d)+(a+2d)+---+Ha+(n-1d] :g[2a+(n—1)d]

To prove this viathe 1% principle of mathematical induction, we must complete
the following sub-proofs:

1. prove P(1)
2. assuming P(k), prove P(k+1)

Direct proof of #1:

= 2a+d(0)
2
_2a
T2
a=a
true

Direct proof of #2:

(k+D[2a+d(k)]
2

a+(a+d)+(a+2d)+---+[a+d(k -] +[a+d(K)] =

ka+d(k=1) , ., g0 - 2ak +dk? + 2a + dk
2

k(2a+dk —d) + 2a+ 2dk = 2ak + dk? + 2a + dk
dak + dk? — dk + 2a+ 2dk = dk? + 2ak + dk + 2a
dk? + 2ak + dk + 2a = dk? + 2ak + dk + 2a

1=1

true




37.

Prove that the statement is true for every positive integer.
3°" + 7isdivisible by 8.

To prove this viathe 1% principle of mathematical induction, we must complete
the following sub-proofs:

1. prove P(1)
2. assuming P(k), prove P(k+1)

Direct proof of #1:

340 47 =8x
3% +7=8x
1+ 7 =8x

8 =8x
1=x

true

Direct proof of #2:

32(k+1) + 7 = 8y
32k+2 + 7 - 8y
(3%)(3) +7 =8y
(Bx—=7)(9)+7 =8y
72x—-63+7 =8y
72x — 56 =8y
8(9x—8) =8y

true



§2.3

7.

Use the Euclidean algorithm to find the greatest common divisor of the given
numbers:

(1326, 252)
5 3 1 4 2
2521326 66)252 54)66  12)54  6)12
1260 198 4 48 12
66 54 12 6 0
GCD =6

Prove that the program segment is correct by finding and proving the appropriate
loop invariant Q and evaluating Q at loop termination.

Function to return the value x —y for x, y = 0.
Difference( nonnegative integer x; nonnegative integer y )

Local variables:
integersi,

i=0
j=x
whilei #ydo
ji=i-1
i=i+1
end while
/Il j now hasthe valuex —y

return j
end function Difference

Attempt to prove the algorithm is correct using the loop rule of inference.
To do that, we must pick aQ, and prove it isaloop invariant. Then the loop
rule of inference will allow usto state that Q ~ B’ will be true after the loop.
Q " B’ should be chosen such that, together, they state “j = x—y”.

Let Q equal “j =x—i”
Let B equal “i Y’



Attempt to prove Q isaloop invariant:

Let Q(n) equal “jn =X —ip”

Prove Q(0):
1 jo=X algorithm
2. ip=0 algorithm
3. jo =X- io hyp
4. jo=x-0 hyp
5 jo=X subtraction, 4
6. (5) proves(3)
7. .. Q(0)istrue

Assume Q(K): jk = x —ik

Prove Q(k+1): jke1 =X —iks1

L jei=jk—1 algorithm

2. 1=+ 1 algorithm

3 ik=i1—1 subtract 1 from both sides of (2)
4 jrr1=X—ik—1 substitute Q(K) into (1)

5. Jr1=X—(ike1—1) -1 substitute (3) into (4)

6. jiri=X—ik1+1-1 simplify (5)

7. Jie1 = X—lke1 simplify (6)

8. .. Q(k+1)istrue

We have proven that Q is a loop invariant.

Therefore, upon loop termination, the assertion Q 0B’ must be true, ie:
(=x-i)0O(@=y)

Combining those statements yields:
J=X-y

Therefore, the algorithm is provably correct.



82.4
8. Write the first five values in the sequence:

D(1)=3
D(2) =5
D(n)=(n—-1)D(n—-1) + (n—2)D(n-2) forn> 2

D(n)

3

5

13

49

235
1,371
9,401
74,033
658,071
6,514,903

OO NO UL, WNPKEL|S

=
o

100000000
1000000 ‘//.//.</°
10000
100 M/
1 T T T T

1 2 3 45 6 7 8 9 10

n

D(n)

15. Prove the given property of the Fibonacci numbers directly from the definition.
F(n+6)=4F(n+3) +F(n)forn>1
Use 2" principle of induction.
Prove for P(1) and P(2).
Prove for P(1):

F(n+6) =4F(n + 3) + F(n)
F(1+6)=4F(1+3) + F(1)
F(7) = 4F(4) + F(1)
13=4(3) +1

13=12+1

13=13

true

NoogkrwbdpE



Prove for P(2):

NoogkrwbdpE

F(n+ 6) =4F(n + 3) + F(n)
F(2+6) =4F(2 + 3) + F(2)
F(8) = 4F(5) + F(2)
21=4(5+1

21=20+1

21=21

true

Assumethat fordlr,1<r <k,

F(r + 6) = 4F(r + 3) + F(r) inductive hypothesis

Now show for P(k + 1), or

F(k+1+6)£4F(k+1+3)+F(k+1)
F(k+7)£4F(k+4) + F(k+1)

1
2.

©ooN O A

. F(k+7)=Fk+5)+Fk+6) Fibonacci
state F(k + 5) in terms of inductive hypothesis
a Letr=k-1
b. F(r+6)=4F( +3) + F(r) ind. hyp.

c. F(k=1+6)=4F(k-1+3)+F(k-1) subst 2, 2a
d F(k+5)=4F(k+2)+F(k-1)
state F(k + 6) in terms of inductive hypothesis

a Letr=k
b. F(r+6)=4F(r +3) + F(r) ind. hyp.
c. F(k+6)=4F(k+ 3) + F(K) subst 2, 2a

F(k+7)=4F(k+2) + F(k—1) + 4F(k + 3) + F(Kk) subst 2d, 3c, 1
F(k+7)=4F(k+2) + 4F(k+ 3) + F(k— 1) + F(k} comm, 4
F(k+7)=4[F(k+2) +F(k+3)] + F(k—1) + F(k) digt, 5

F(k+4)=F(k+2) +F(k+3) Fibonacci
F(k+1) =F(Kk-1) + F(K Fibonacci
F(k+7)=4F(k+4) + F(k+1) subst 7, 8, 6

10

... P(k+1) istrue

Therefore, by the 2™ inductive hypothesis, the property

F(n+6) =4F(n + 3) + F(n)

istrue for al Fibonacci numbers wheren = 1.



33.

37.

An amount of $500 is invested in an account paying 10% interest compounded
annually.

a. Write arecursive definition for P(n), the amount in the account at the
beginning of the nth year.

P(1) = 500
P(n) = 1.1(P(n-1))

b. After how many years will the account balance exceed $7007?
Five years:
year principle
1 $500.00
2 $550.00
3 $605.00

4 $665.50
5 $732.05

A collection W of strings of symbols is defined recursively by

1. a, b, and c belong to W.
2. If X belongsto W, so does a(X)c.

Which of the following belong to W?

a. a(b)c b. a(a(b)c)c c. a(abc)c d. a(a(a(a)c)c)c e. a(aacc)c
yes yes no yes no



§3.1

6a

7b.

10k.

Describe each of the following sets by giving a characterizing property:
{1, 2,3, 4,5}
{x|xisaninteger and 0<x<6}
Describe each of the following sets:
{X|xeENA(TY)(F)(y€{01} andz€{3,4} andy<x<2)}
Long version:

X isanon-negative integer (x>=0), and
thereisayandazwherey=0orlandz=3or4andy<x<z

. 0<x<4
Sox={1223}

Could not x be simply { 2}? | don’t think so, because the characterizing property
specified the scope of y and zwith 3, not V. Therefore, the description is still
trueif xislor 3.

Let
, 3, 41,910} S
3, T U

{{1},3910}
{{1,3m}, 1}

Which of the following are true? For those that are not, why not?

TeU true



17.

35.

Provethat if AS Band B € C,then A € C.

Let

1. ACB hyp
2. BEC hyp
3. (VX)(xEA - x€EB) def. subset, 1
4. (VX)(x€B - x€C) def. subset, 2
5t ui, 3
6. t€A temp hyp
a teB mp, 5, 3
b. t€C mp, 6, 4
7. t€A - (teC temp hyp discharged
8. (VX [(x € A) - (x € Q) ug, 7
9. ..ACC def. subset, 8
A:{ p’ q’ r’ S}
B={rtv}
C={pstu}

be subsetsof S={ p,q,r, s t,u,v,w}. Find

BNC
AUC
o
ANBNC
B-C
(AU Cy
A X B

@ "0 0o

hh (AUBNC

{
{
{
7]

{r.v}

p,orstu}

r,v,w}

={v,w}

={

}

(p.r)(pt)(p V),
(g,r)(at)(qv),
(r,r), (r,t),(r,v),
(sr)(st)(sv)

={arv}
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Read chapter 5 and complete the following problemsto hand in:

pl76 (83.1): 5a, 11, 36k-L, 53a-c
pl94 (83.2): 3, 8,19, 34,52
p203 (83.3): 3,10, 13

p215 (83.4): 8, 15, 33, 37

p225 (83.5): 1g, 2



§3.1

Sa

11.

Describe the following set by listing its elements:
{x|xeNandx*-5x+6=0}
1. X¥*—5x+6=0
2. (x=3)(x=2)=0
3. {23}

Let
A={a{a},{{a}}} B={a} C={z{a{a}}}

Which of the following are true? For those that are not, why not?

a BCSA b. BeA c CCA
true true false; although C; and
C, are both subsets of
A, { Cy, Co}isnot.
d gcC e 2€C f. {a{a}}ecA
true true false; A has no member
matching this

construction

g {af{a}}<cA h. BS C . {{a}} S A
true false; C has true
elements which
themselves

contain B, but the
subset operator
does not default
to recursive
behaviour



36. Let

besubsetsof S={ 0,1,2,3,4,5,6,7,8,9} [ie\d. Find

k. (B=A) N (A-B)
1. ({1,4,59}-{24568}) N ({24568}—{14509})
2. ({1,9}) N{268}
3. {0,2345678}N{268}
4. {268}
5. A-B

L. (C uUBY

1,56,7,89} U{14509})
1,4,56,7,89})

}

53. A binary opration on sets called the symmetric difference is defined by:

AG®B=(A-B) U (B-A)

a. Draw aVenn diagramto illustrate A & B.

b. ForA={3579}andB={223 456}, whaisA® B?

{2,4,6,7,9}



C. Provethaa A& B=(A U B)—(A N B) for arbitrary sets A and B.

Use proof method #2 from p173, ie pick arbitrary members from each
side and prove they belong to the other side. That is, prove:

1. x€((A-B) U (B-A)) - xe((AUB)=(ANB))
2. x€ ((AUB)=(ANB)) - xe((A-B) U (B=A))

Proof #1:

Ll A

x€((A-B) U (B-A))
X€(A-B)oxe(B-A)
((xeA)and(xé¢B))or ((xeB)and (x€¢A))
For simplified notation, let:

a P=(x€A)

b. P=(x4A)

c. Q=(x€eB)

d Q =(x¢B)

e. From(3),wehave(PAQ )V (QAP)

f. Trytoprove(PV Q) A (P V Q)
(PAQ)V(QAP)
(PAQ)VQA "U(PAQ)VP)
(QV(PAQ MNP V(PAQ))
((QVPYA(QVQ))ANWUPVP)A(PVQ))
((QVPYAL)A(IA(P VQ))
(QVPYA(PVQ)

. (PVQ)A(PVQ)

((xeA)or(xeB))and ((x4¢ A)or(x€ B))

- ((x€A)or(x€eB))and((x€A)and(x€B))
. X€E(AUB) and((x€A)and(xEB))
. XE(AUB)and(x€(ANB)Y

Xx€(AUB)andx4(ANB)
X€E((AUB)-(ANB))

hyp
def'n union, 1
def’' n subtr, 2

var subst, 3
dist, 5

comm, 5

digt, 7
complement, 8
identity, 9
comm, 10

var subst, 11
DeMorgan, 12
def'n U, 13
def'n N, 14
dbl neg, 15
def'n subtr, 16

Proof #2 reads the exact same way, only in reverse (steps 17 back up
to1).

§3.2

A video game on a microcomputer is begun by making selections from each of
three menus. The first menu (number of players) has four selections, the second
(level of play) has eight, and the third menu (speed) has six. In how many
configurations can the game be played?

4x8x6=192



A, B, C, and D are nodes on a computer network. There are two paths between A
and C, two between B and D, three between A and B, and four between C and D.
Along how many routes can a message from Ato D be sent?

Given... Assuming... Then...
AC=2 AD=0 ACD=2x4=8
BD=2 BC=0 ABD=3%x2=6
AB=3 CB=0 Total = 14
Ch=4 DA=0

DB =0

DC=0

A new car can be ordered with a choice of 10 exterior colors; 7 interior colors,
automatic, 3-speed, or 5-speed transmission; with or without air conditioning;
with or without power steering; and with or without the option package that
contains the power door lock and rear window defroster. How many different
cars can be ordered?

E=10

I T=3
A=2 P

r
2 0=2

Combinations=E x| xT x A xPx0O=1680

Regarding the set of binary strings of length 8 (ie, /"[01]{8} %/ ), how many have
1 asthe second digit?

Note that “second” isn’'t defined as leading from the left or right, but it doesn’'t
matter — the answer would be “half of the total”, obviously, which would be:

2+:2=2" =128

Regarding a hand of cards, where one hand consists of asingle card drawn from a
standard 52-card deck, with flowers on the back, and a second card drawn from a
standard 52-card deck, with birds on the back, how many hands consist of a pair
of aces?

There are four aces in each deck (SHCD), each of which may be paired with any
of four aces in the other deck, so there are 4 x 4 = 16 possible hands consisting of
apair of aces.

That’s assuming that the ornament on the back of the card is considered sufficient
to distinguish { Ace-Spades-Flower, Ace-Hearts-Bird } from { Ace-Spades-Bird,
Ace-Hearts-Flower }, asindicated by the note given to problem 51...



§3.3

10.

Quiality control in afactory pulls 40 parts with paint, packaging, or electronics
defects from an assembly line. Of these, 28 had a paint defect, 17 had a
packaging defect, 13 had an electronics defect, 6 had both paint and packaging
defects, 7 and both packaging and electronic defects, and 10 had both paint and
electronics defects. Did any part have all three types of defect?

Let: A ={ partswith paint defects}
K = { parts with packaging defects }
E = { parts with electronics defects }

|AUKUE]| =40

|A| =28
K| =17
|E| =13
IANK| =6
IKNE| =7
|ANE| =10

From the three-set version of the Principle of Inclusion and Exclusion (p199), we
know that:

1. |[AUKUE|=|A|+KI+[E|-]ANK|-]|K NE|-|ANE|+]A NK N E|
2. 40=28+17+13-6-7-10+|A NK N E|

3. 40-28-17-13+6+7+10=|A NK N E|

4. 5=|ANKNE]|

Answer: yes

Y ou are developing a new bath soap, and you hire a public opinion survey group
to do some market research for you. The group claimsthat, in its survey of 450
consumers, the following were named as important factors in purchasing bath

soap:

Odor 425 O
Lathering ease 397 |
Natural ingredients 340 |N|
Odor and lathering ease 284 |0 N L]
Odor and natural ingredients 315 |O NN

Lathering ease and natural ingredients 219 |L N N|
All three factors 147 |O NL N Nj



Should you have confidence in these results? Why or why not?

From the three-set version of the Principle of Inclusion and Exclusion (p199), we

know that:
1L |JOULUNI|=[O+|L|+|N|=]O NL|-JONN|=-L N N|+|ONL N N|
2. 450=425+ 397 + 340 - 284 — 315 — 219 + 147
3. 450=491
4, contradiction!

Therefore, no, the marketing results should not be trusted, because their math
doesn't hold up. +£3% margin of error is considered reasonable for many polls
and surveys, yet these marketing figures exceed £9%.

13. How many cards must be drawn from a standard 52-card deck to guarantee 2
cards of the same suit?
5, using the Pigeonhole Principle (and common sense).
83.4
8. a. Stock designations on an exchange are limited to three letters. How many
different designations are there?
Note: this question hinges on the interpretation of “ limited” , ie“ are
limited to having precisely three letters,” or “ are limited to having no
more than three |etters.”
Assuming interpretation #1:
26° = 17,576
Assuming interpretation #2:
26°+ 26%+ 26 = 18,278
b. How many different designations are there if letters cannot be repeated?

Assuming interpretation #1:

P(26, 3) = 26! + (26-3)!
= 26! = 23!
=26* 25* 24
= 15,600



Assuming interpretation #2:

P(26, 3) + P(26, 2) + P(26, 1)
15,600 + 26 * 25 + 26
15,600 + 267

15,600 + 676

16,276

15. ComputeC(n,n—-1). Explanwhy C(n,n—-1)=C(n, 1).

nl
(n=-Y!(n-(n-1)!
_ nl
(n-D!'(n-n+1)!
_ nl
- (n-D'@!
nl

(n-D!

=n

C(n,n-1 =

C(n,n-1) equals C( n, 1) because both counting problems have the same
cardinality.

C(n,n-1) iscounting the number of ways you can take all elements of a set but
one; in other words, you iterate through instances of the original set of n elements,
taking a different one out each time. Obviously, the number of different elements
which you can take out of the set is equal to the number of elementsin the set.

Thisis numerically equivalent to C( n, 1), which simply computes the number of
ways you can take a single element out of the original set, which again is directly
equal to the cardinality of the set.



33.

37.

Concerning a 5-card hand from a standard 52-card deck:

How many hands contain a straight flush (five consecutive cards, for example,
ace, 2, 3, 4, 5 of the same suit)?

Note: I’m not a frequent poker player, so I’ massuming, from the way this
guestion was stated, that a “ straight flush” does include A-2-3-4-5, but
does not include a “ royal flush” , ie 10-J-Q-K-A.

Straight flushes:

AD-24-34-44-54
28-36-44-54-064
36-48-54-00-74
46-56-6H-746-84
S56-64-746-84-04
Oh-74-84-94-104
78-84-94-104-74
846-04-104-34-Q4
OA-104-]4-Qh-K4

9%x4=36

AV-29-39-49-59¢
29-39-49-59-69
39-49-59-69-79
49-59-69-79-89¢
59-69-79-89-99
69-79-89-99-109
79-89-99-109-39
89-99-109-19-Q¥
99-109-19-QV-KV

Ad-24&-3%-44-54
28-3%-4&-54&-0h
38-4S-54-06&-74
4h-58-6-74-84
58-64-74-84-04
Oh-7%-84&-04-104
7%-84-04-104-34
84-0%-104-34-Qs
9&-10%-3&-Qd-Ks

A¢-24-3¢-44-5¢
24-34-44-5¢-0¢
3¢-44-5¢-6¢-7¢
44-5¢-64-74¢-8¢
5¢-64-74-8¢-9¢
64-74-84¢-0¢-10¢
7¢-84-94-10¢-3¢
8§4-9¢-10¢-3¢-Q¢
0¢-104-34-Q¢-K¢

Fourteen copies of a code module are to be executed in parallel on identical
processors organized into two communicating clusters, A and B. Cluster A
contains 16 processors and cluster B contains 32 processors.

Find the number of ways to choose the processorsif cluster A has three failed
processors and cluster B has two failed processors.

WEell, the problem doesn’t state that the module must be load-balanced
(evenly or otherwise) between the two clusters — in fact, problem 35
suggests rather strongly that it is a legitimate outcome to have all modules
running on a single cluster.

Therefore, out of the original clusters A and B, it would seem that we end
up with an unordered collection of 43 working processors, 14 of which

must be used for this deployment.

Therefore, there are C( 43, 14 ) unique [working] deployment
configurations, ie:



1. C(43,14)
43
14 (43-14)!
43
14129
43x42%---x30% (29% 28x% - x1)
14129
43%x42x41x 40x 39x 38% 37 %36 % 35x 34% 33x 32x31x 30
14%x13%x12x11x10X9x8Xx7x6X5x4x3%x2%x1
43x41x 3x38%x 37 x5x34%x 2% 31
. 78,378,960,360

No

le, there are about 80 billion possibilities.

§3.5

1g. Expand the expression using the binomial theorem:

(2p-39)*
1(2p)*(=30)° +4(2p)°*(=30)" +6(2p)*(-30)* + 4(2p)*(-30)° +1(2p)°(-3q)*
16p* —96p°q +216p*q* - 216 pg° +81q*

2. Find the fourth term in the expansion of (a + b)™.
Lee n=10
k=4

C(n,k-Da"*Pp*?
C(10,3)a’b®
10a’b?
3(10-3)!
10a’b?

37!
10x9x8xa’b?
3
10x9x8xa’b?
3x2x1
10x3x4a’b?

120a’b®
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Read chapter 6 and complete the following problems:
5.1: 1, 11, 33, 40, 56, 68, 71b

5.2: 10, 14a, 19, 28

53:3,8 20

54:2,8



Section 5.1

1 Givethefunction g that ispart of the formal definition of the directed

graph shown.
1 a 2 d
b
C
3
g(a)=a 12
b: 1-3
c:2-3
d: 2-2

11. Decide if the two graphs are isomorphic. If so, give the function or
functionsthat establish the isomor phism; if not, explain why.

e b
4 3 d [
fi= 1->a fo= 1,4->a e
2->d 1,32 ab
320D 2,5>4d,c
4->e 2,4>d, e

5->c 3,52>b,c



Write the adjacency matrix for the graph:

33.

O " OO0
O A 100
OO-HOOO
O—-HOOO—HO0O
1O OO
OO O

O-H1 0000

Draw the graph represented by the adjacency matrix:

40.

_ 400 HdO
0O - O
OHOHO
“dOHOO

; OHd0 O




Draw the undirected graph represented by the adjacency list in the accompanying
figure:

[ >G>
2 T2 7> [3] T [4] 7> [4]e]
3 T2 7> [2] 7= [3] 7> [4]e]
4 1> [2] 7> [2 7> [3]e]

68.  Show that a coloring of the accompanying map requiresthree colors and
no morethan three colors.

It's simple to prove that the map requires no more than three colors, by
demonstrating a 3-color solution:

O

In order to show that the map requires at least three colors, we can label the four
regions A through D, as shown above, and demonstrate that all possible one- and
two-color solutions result in adjacent regions of the same color.



One color:
A and B are adjacent

Two colors:

Given two colors and four regions, there are 16 possible colorationsto
choose from. Each of them resultsin at least one case of adjoining same-
color regions (indicated by a slash through the affected cells). Let the
colors be represented by the integer values ‘0’ and “1’:

PRPRPRPRPPRPPOO0OO0OO0OOO0OOX
PRPPPRPOOOCORRPRPPFPOOOO
PRPOORPFRPOORRPROOREROOIN
POFRPORPOFRPROFRPRORORrRORr OU

71b. A coloring of a graph isan assignment of a color to each node of the
graph in such away that no two adjacent nodes have the same color. The
chromatic number of a graph isthe smallest number of colorsneeded to
achieve a coloring. Find the chromatic number of the following graph:



The smallest possible number is 4:

5.2

10. Draw thebinary treerepresented by theleft child-right child
representation of thefigure. (listheroot.)

Left child Right child

1 2 0
2 3 4
3 0 0
4 5 6
5 0 0
6 0 0
1
2
3 4
5 6

14b. For thetreein thefigure, writetheleftmost child-right sibling array
representation described in Exercise 13.

1

5 6 7 8 9 10 11



Leftmost Right
child sibling
2

=

PO OWoO~NOOLA~,WDNEPE

o|o|o|o|o|o|o|wv|m|u
==
olR|Blo|o|N|o|o/~w|o

=

19.  Writethelist of nodesresulting from a preorder traversal, an inorder
traversal, and a postorder traversal of thetree.

a

Preorder: a b efcogh,d,
Inorder: e b,f,ag,chi,
Postorder: e f,b,ghci,d,

[

d

a

28. Draw atreewhose preorder traversal is
a,brcde

and whose inorder traversal is

b,adce



5.3

3. Draw the decision treefor binary search on alist of seven elements.
What isthe depth of the tree?

x:L(4)

8a. Given thedata
g,dr,sbgcm

Construct the binary search tree. What isthe depth of thetree?

Depth =3

8b.  Find the average number of comparisons done to search for an item that
isknown to bein thelist using binary tree search on thetree of part (a).
(Hint: Find the number of comparisons for each of theitems.)

2.75



20. Oneof eight coinsis counterfeit and iseither too heavy or too light. The
problem isto identify the counterfeit coin and deter mine whether it is
heavy or light.

a. What isthe number of final outcomes (the number of leavesin the
decision tree)?
16 (ie, eight coins x ( heavy or light ) )

b. Find alower bound on the number of comparisonsrequired to solve
thisproblem in the worst case.
4

c. Devisean algorithm that meetsthislower bound (draw its decision
tree).

AB:CD

ABCD bad ABCD good
EFGH good EFGH bad

AB goo
CD good CD bad

EF bad EF goo
GH good GH bad

FG

«7,% «7,5% e/% 6’4@% o/% oé% o//% o /5% @,,% @6% A,% Aé% o,/% oé% &,/% &6%
54
2. Given the codes
Character b h q w %
Encoding scheme 1000 1001 O 11 101
Decode the sequences
a 10001001101101
bh% %
b. 11110
wWWw(Qq

c. 01001111000
ghwhb



a Construct the Huffman tree for the following characters and frequencies:

Character B n p s w
Frequency 6 32 21 14 27

PassO: 6() 149 2i(p 27(w)  32(n)
° ° ° ° °

Pass 1: 20 21(p 27(w)  32(n)
° ° °

6(b) 14(9
Pass2: 27(w)  32(n) 41
[ [

20
21(p)

6() 149

Pass 3: 41 59

N\ N\

21(p  27(w)  32(n)

6()  14(9
Pass 4: 100

2Up)  27(w)  32(n)

6(b) 14(9
b. Find the Huffman codes for these characters
Character B n w

p s
Encoding scheme 000 11 01 001 10
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Complete the following problemsto hand in:

pl5(81.1): 11e

p30 (81.2): 9, 25, 35

p44 (81.3): 153, 16d, 17d
p56 (81.4): 10, 14

p93 (82.1): 21, 40, 46, 47
p106 (§2.2): 10, 37

p118 (82.3): 4,5

pl37 (82.4): 5,29, 52, 78
pl77 (83.1): 43, 47, 59c, 5%, 59f
p195 (83.2): 22

p203 (83.3): 6, 7

p215 (83.4): 2,58, 68
p225 (83.5): 1g



§1.1

1le. Construct truth tables for the following wffs. Note any tautologies or
contradictions.

(A-B)-[(AVC)-(BVC)]

1
(o]

<
@]

<
@]

(AVC)-(BVCO)

(A-B)-[(AVC) - (BVCO)]

—[7|=| ||| o

—| ||| T|m[m|7m| >
—|H| 7| ||| W

=[] >

=[] || || = >

—|=| ||| == 1|

T
T
T
T
F
T
T
T

T
T
T
T
T
T
T
T

The final column isall “true”, so the implication is atautology.

§1.2

0. Use propositional logic to prove that the argument is valid.

A-BA[B-(C-DI]JAN[A-B-CO]-(A-D)

PODNPE

A-B

A - (B - C)

A
a
b.
C.
d
e

A-D

OOwmO®

’

’

OO0

hyp
hyp
hyp

temp hyp

mp, 1, 4

mp, 2, 4a

mp, 3, 4

mp, 4a, 4c

mp, 4b, 4d

temp hyp discharged




25.  Use propositional logic to prove the arguments valid; you may use any of the
rulesin Table 1.14 or any previously proven exercise.

(AVB)A(A-C)A(B-C)-C

1. AVB hyp
2. A-C hyp
3. B-C hyp
4. A’ - B imp, 1
5. A - C hs, 4, 3
6. C - A cont, 2
7. C - C hs, 6, 2
8. (C)y VC imp, 7
9. CVC dn, 8
10.C self, 9

35.  Using propositional logic, including the rules in Table 1.14, prove that each
argument isvalid. Use the statement letters shown.

If Jose took the jewelry or Mrs. Krasov lied, then a crime was committed. Mr.
Krasov was not in town. If acrime was committed, then Mr. Krasov was in town.
Therefore Jose did not take the jewelry. (J, L, C, T)

(VL) =C)AT A(C-T)-J

1. JVL-C hyp

2. T hyp
3.C-T hyp

4. C VT imp, 3

5. JVLVC imp, 1

6. JAL)VC DeMorgan, 5
7. TAC VT con, 2, 4
8. (TAC)V(T AT digt, 7

9. (MAC)VDO comp, 8
10T A C ident, 9
11.C sim, 10
12.C A ((F ANL)VC) con, 11, 6
13.(C A @ ALY V(C AC dist, 12
U4.C NI AL)YVO comp, 13
15.C AN (T AL) ident, 14
16.J AL’ sim, 15

17.J sim, 16



§1.3

15a

16d.

Explain why the wff is valid:
(VX(VYAXY) < (VY)(VXAX, Y)

The wff is valid because universal existence — the truth of the existence of the
entire set of possible values for x and y —is not predicated upon order or
sequence. In theleft-hand side of the wff, the relation A is said to be true for all x
and all y, not just those values of x or y which meet a certain criteria— including
criteria of order within the statement. Therefore, the order of the existential
qualifiers on the right-hand side of the wff may be rearranged arbitrarily, since
they are not issuing constraints or limitations upon successive operators in left-to-
right evaluation. Thisisreally stating a sort of communitive property of universal
existence: that if something is said to aways exist, under all circumstances and
conditions, then it always exists whether or not another proposition is said to be
true, and without dependency on other extants.

Give interpretations to prove that each of the following wffsis not valid:
(VI[AR) ] < [ (VAR T
Simplify the expression:

L (VXAX] < [(VAX)]
2. (VXIAX] < (IAX)]
3. ((VXIAX = (FAK) A ((IAN] - (VXITAMN])

Now we only have to disprove (IX)[AXX)]" — (VX)[A(X)]’ to disprove the whole
statement.

Disproof by example:

the domain isall integers

AX): X >X

AX)': X <=X

(IN[AX)] is easily shown where x is zero or one (0°< 0, and 1° < 1).

However, (VX)[A(X)]’ isjust as easily disproven where x is 2 or =2 (22 £
2, and (-2)? € (-2)).

Therefore, the wff isinvalid, since we have shown an interpretation where
(IX[AX)] istrue, yet (VX)[AX)] isfalse.



17d.

Decide whether the following wff isvalid or invalid. Justify your answer.

| beli

(VX[PX) V QX ] ~ (VXPX) V (3Y)QY)

eve that the wff isvalid. | believe it to be probably valid because the

consequent seems to follow logically from the antecedent. The antecedent states
that, for every possible x, either P or Q must be true for that x.

This

1.
2. Qistruefor al x, while P isfalsefor al x (P /A Q)
3. Pand Q are bothtruefor al x (P A\ Q)

4,
5

leaves only five possible cases:
P istruefor al x, while Q isfalsefor al x (P A\ Q)

P istrue for some x, and Q istruefor al other x (P & Q)
. Pistruefor some x, Q istrue for some other x, and P and Q are both true
for somex (P V Q)

The antecedent is basically postulating that any of the five cases may be true. On
surface examination, it would appear that the consequent holds true for any of the
five cases:

W N P

IN

5

. (VX)P(x) istruein this case
. (Fy)Q(y) istruein this case
. (VX)P(x) and (3y)Q(y) are both truein this case
. (Fy)Q(y) istruein this case
. (Fy)Q(y) istruein this case

Therefore, the wff appears to be valid, although my deductions have not been
formulated into a conclusive proof.



§1.4

10. Either prove that the wff isavalid argument or give an interpretation in which it
isfalse.

(B9 [R(X) OSX)] — (BR(X) O()SX)
Start by re-writing the conclusion as:

[(IRK]" ~ ((¥)SX)

9. (¥ [R(¥) OS] hyp
10. [(YR(X))" temp hyp
a (OXYRX) neg, 2
b. R(a) ui, 2a
c. R(@ U0Ya) e, 1
d R(@) - Sa) imp, 2c
e. Sa) mp, 2b, 2d
f. (B3YSX) g, 2e

11. [(D().R(x)]’ - (X)YX) temp hyp discharged

14. Either prove that the wff isavalid argument or give an interpretation in which it
is false.

(VXP(X) V (3XQX) - (VX[ P(X) V Q)]
The wff would seem to be invalid, using the following interpretation:

The domain is all days of the year
P(x) = x is my birthday (Nov 20)
Q(X) = the WTC was bombed on that day (Sep 11)

Thisistrue for the antecedent, since, although my birthday does not fall on every
day of the year, nonetheless, and regretably, there does exist a day on which the
WTC was bombed (Sep 11).

However, the consequent is false, since it requires that every day of the year be
either my birthday or aterrorist bombing. Biology and cosmology make the first
impossible, and history (and CNN) showed that the latter tragedy did not, in fact,
reoccur indefinitely (only, asit turned out, twice).



§2.1
21. Prove the given statement:

If the product of two integers is not divisible by an integer n, then neither
integer isdivisible by n.

Or, sated algebraeically,
Oy’ — (n)" A (yin)’

Proof by contraposition:

()" A (n)) — (Oyin)’)’

L () A (i)Y’ hyp
2. (Xn) V' (y|n) DeMorgan, 1

3. pick factor asuchthata=x <+ n

4. (x=aXn) V(yln) subst, 2, 3

5. pick factor bsuchthat b=y <+ n

6. (x=aXn) V (y=bXxn) subst, 4, 5

7. (xy=axXnXy)V (y=bXn) mult both sides of left by y
8. (xy=axXnXy)V (xy=xXbXxn) mult both sides of right by x
9. (xy|n) V (xy|n) def’n of afactor

10. (xy|n) slf, 9

11. ((xyln)’)’ dn, 10

40. Prove or disprove the given statement:
For every prime number n, n + 4 is prime.
Disproof by contradiction:
2isprime.

2+4=6
6 isnot prime (divisible by 2 and 3).



46. Prove or disprove the given statement:

The sum of arational number and an irrational number isirrational.

Proof by contradiction:

1. Exercise #44 proves that the sum of any two rational numbersis
guaranteed to be rational (easily shown using basic addition of fractions).

2. Itisfurthermore easily shown that, if the sum of any two rational numbers
isrational, so then is the difference of any two rational numbers (since any
rational number p/q can be multiplied by the rational number —1/1, and
then the additive proof can be confirmed).

3. Pick arbitrary rational and irrational numbers Rand I.

4. LettheirsumbeSieS=1+R

5. Assumethat Sisrational

6. From this assumption, S— R should equal |, our irrational number.

7. However, from step #2, the difference S— R should be a rational number,
not irrational. Steps #3 and #6 represent a contradiction: | is defined as
being irrational, yet is found to be equal to a difference which has been
proven to always be rational.

8. Therefore, the hypothesisin step 5 must be false.

47.  For the following exercise, use the accompanying figure and the following facts
from geometry:

1. Theinterior angles of atriangle sumto 180°

2. Vertical angles (opposite angles formed when two lines intersect) are the
samesize

3. A straight angle is 180°

4. A right angleis 90°

ok~ wbdpE

1 3

4
\6/

Prove that the measure of £ 4 isthesumof £1 and £ 2.

/3+ £4=180° rule #3
1+ /£2+ /£3=180° rule #1
Z4=180°- £3 subtr, 1
1+ /2=180°—- /3 subtr, 2
L1+ /2=/4 subst, 3, 4



§2.2

10.  Use mathematical induction to prove that the Satement istrue for every positive
integer n.

14 42% oot = n(n+1)(2n+1)(3n* +3n-1)
30

To prove this viathe 1% principle of mathematical induction, we must complete
the following sub-proofs:

3. prove P(1)
4. assuming P(k), prove P(k+1)

Direct proof of #1:

¢ 10+ DE+DE+3-Y)
30

L= 230
30

1=1

true

Direct proof of #2:

(k+D(k+1+D(2(k+1) +DB(k+D? +3(k +1) - 1)
30
(k+D)(k+2)(2k +3)(3(k* + 2k +1) + 3k + 2)
30

1*42% +- +k* + (k+1)* =

[1* +2% +- +k*]+ (k+D)* =

k(k+1)(2k +1)(3k? + 3k -1) [k +4K3 +6K? + 2k +1] = (k% +3k +2)(2k +3)(3k? + 9k +5)
30 30
(2k® +3k2 +k)(3k? + 3k - 1) K 4K 4 6K2 +aK +1= (2k® +6k? + 4k +3k? + 9k + 6)(3k? + 9k +5)
30 30
(2k® +3k? + k)(3k? + 3k —1) + 30k* +120k® +180k? + 120k + 30 = (2k® + 6k? + 4k + 3k? + 9k + 6)(3k? + 9k +5)
(6K® +6k* — 2k® + 9k* + 9k® — 3k? + 3k® +3k? — k) + 30k* +120k® +180k? + 120k + 30 = (2k® + 9k? +13k + 6)(3k? + 9k +5)
6k® + 45k * +130k® +180k? + 119k + 30 = 6k® +18k* +10k® + 27k* +81k® + 45k 2 + 39k® +117k? + 65k +18k? + 54k + 30
6k® + 45k* +130k® +180k? +119k + 30 = 6k® +45k* +130k® +180k? +119k + 30
1=1
true




37.

Prove that the statement is true for every positive integer.
3°" + 7isdivisible by 8.

To prove this viathe 1% principle of mathematical induction, we must complete
the following sub-proofs:

5. prove P(1)
6. assuming P(k), prove P(k+1)

Direct proof of #1:

340 47 =8x
3% +7=8x
1+ 7 =8x

8 =8x
1=x

true

Direct proof of #2:

32(k+1) + 7 = 8y
32k+2 + 7 - 8y
(3%)(3) +7 =8y
(Bx—=7)(9)+7 =8y
72x—-63+7 =8y
72x — 56 =8y
8(9x—8) =8y

true



§2.3

4. Prove that the pseudocode program segment is correct by proving the loop
invariant Q and evaluating Q at loop termination.

Function to compute and write out quotient g and remainder r when x is divided
byy,x=0,y=>1

Divide( nonnegative integer X; positive integer y )
Local variables:
nonnegative integersq, r
q=0
r=x
whiler >y do
g++
r-=y
end while
// g and r are now the quotient and remainder
write( “The quotient is %d and the remainder is%d”, q, r )
end function Divide

Q:x=qXy+r
Attempt to prove the algorithm is correct using the loop rule of inference.
To do that, we must pick aQ, and prove it isaloop invariant. Then the loop
rule of inference will allow usto state that Q ~ B’ will be true after the loop.

Q " B’ should be chosen such that, together, they state “j = x —y”.

Let Qequal “x=q X y+r”
Let Begua “r >y’

Attempt to prove Q isaloop invariant:
Let Q(n) equal “X=qn X y+r,"
Prove Q(0):

8. X=0o X y+rp
9. x=0Xy+x
10. x=x

11. .. Q(O) istrue

Assume Q(K): x =gk X y+rk



Prove Q(k+1): X = Ok+1 X Y + N1

9. X=0k X y+rk hyp

10. g1 =0+ 1 algorithm

11. rw1=re—y algorithm

12 gk=0gw1—1 subtraction, 2
13.rk=r1+y addition, 3

14. x=(Qw1—1) X y+ri substitution, 1, 4
15.X=(Q1—1) X Y+ +y substitution, 6, 5
16. X=Qe1 X Y=Y +TI1t+y dist. mult, 7
17.X=0Or1 X Y+ Ik target

18. .. Q(k+1) istrue
We have proven that Q isa loop invariant.
Therefore, upon loop termination, the assertion Q 0B’ must be true, ie:
(x=qXy+r)Q(r<y)
Combining those statements yields:
X=qXy+r

Therefore, the algorithm is provably correct.

Use the Euclidean algorithm to find the greatest common divisor of the given
numbers:

(2420, 70)
34 1 1 3
70)2420 40)70 3040 1030
2380 40 30 30
40 30 10 0

GCD =10



82.4
5. Write the first five values in the sequence:

T1) =1
TN)=nXT(n-1) forn>2

n T(n)
1 1
2 2
3 6
4 24
5 120
6 720
7 5,040
8 40,320
9 362,880
0 3,628,800

29. Prove the given property of the Fibonacci numbers directly from the definition.

F(n+6) = 4F(n+3) + F(n) forn>1

1. K(n+6) = F(n+4) + F(n+5) def

2. F(nt5) = F(n+3) + F(n+4) def

3. F(n+4) = F(n+2) + F(n+3) def

4. F(n+3) = F(n+1) + F(n+2) def

5. F(n+2) = F(n) + F(n+1) def

6. F(nt6) = F(n+2) + F(n+3) + F(n+3)+F(n+4) subst 2, 3into 1

7. F(n+6) = 2F(n+3) + F(n+2) + F(n+4) simplify, 6

8. F(n+6) = 2F(n+3) + F(n+2) + F(n+2) + F(n+3) subst 3into 7

9. KF(n+6) = 3F(n+3) + F(n+2) + F(n+2) simplify, 8

10. F(n+6) = 3F(n+3) + F(n+2) + F(n) + F(n+1) subst 5into 9

11. F(n+6) = 3F(n+3) + F(n+3) + F(n) subst 4 into 10
". F(n+6) = 4F(n+3) + F(n) simplify

52.  Write the body of the recursive function to compute §n) for the given sequence S
1,39 27,51, ...
int sC int n ) {

ifCn<1) {
fprintf( stderr, “s(n) not defined for n < 1”7 );
exit();

} else if(n==1) {
return 1;

} else {

y return 3 * s(n-1);

}



78. In an account that pays 8% annually, $1000 is deposited. At the end of each year,
an additional $100 is deposited into the account. What is the account worth at the
end of 7 years (that is, at the beginning of the 8" year)?

Balance
1,000.00
1,180.00
1,374.40
1,584.35
1,811.10
2,055.99
2,320.47
2,606.10

<
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83.1
43.  Aninternet search engine has the following set of URL references in its database:

A = automobiles for sale
with subsets:

B = used cars

C = Fords

D = Buicks

E = pre-1995 models

Y ou want to search for all references to used Fords or Buicks that are 1995
or later models.

Write the set expression that represents your query.

Obviously, this query isn’t sufficiently precise to be converted into set notation.
There are at least three likely interpretations of the query, each resulting in
different equations:

"used (Fords or Buicks) that are 1995 or later"”
BN(CUD)NE

"((used Fords) or Buicks) that are 1995 or Tlater"
((BNC)UD)NE

"(used Fords) or (Buicks that are 1995 or later)"
(BNC)U(DNE)



47. Prove that
AC (AUB)

where A and B are arbitrary sets.

1. A hyp
2. B hyp
3.t ui
4. (teEA)V (teEB)<— t€(AUB) def’ n union
5 te€A temp hyp
a te(AUB) mp, 4, 5
6. teA—-t€(AUB) temp hyp discharged
7. (VX)(x€EA—x€ (AUB)) ug, 6
8. AC (AUB) def’ n subset

59c. A, B,and C aresubsetsof aset S Provethe following set identities by using
previously proved identities, including those in Exercises 56-58 [and on p171].

(A-B)-C=(A-C)-B

1. (A-B)-C starting point
2. (ANB)-C def’ n set diff
3. (ANB)NC def’n set diff
4. AN(B NC) assoc (pl71 2b)
5 AnN(C NB) comm (p171 1b)
6. (ANC)NB assoc (pl71 2b)
7. (ANC)-B def’ n set diff
8 (A-C)-B def’ n set diff

59e. A, B,and C aresubsetsof aset S Prove the following set identities by using
previously proved identities, including those in Exercises 56-58 [and on p171].

(A-B)-C=(A-C)—-(B-C)
Well, | tried proving this until my hair turned grey, and couldn’t figure it out.

Finally | turned the quivalence around, and found that much easier to show. Since
equivalence is bidirectional, the following proof is sufficient:



1. (A-C)—-(B-C) starting point
2. (ANC)-(B-C) def set sub, 1
3. (ANC)—(BNC) def set sub, 2
4. (ANC)N(BNCY def set sub, 3
5. (Anc)n@Bncyy dn, 4
6. (ANC)N(BUC) DeMorgan (56b), 5
7. ((ANC)NB)H)U((ANC)NC) digt, 6
8 (ANn(CnNB))U(AN(C NC)) assoc, 7
9. (AN(CNB))U(AN®Z) comp, 8
10.(AN(CNB))U 2 58¢c, 9
11.(AN(C NB)) 43, 10
12.(AN(B NC)) comm, 11
13.((ANB)NC) assoc, 12
14.(ANB)-C def set sub, 13
15.(A-B)-C def set sub, 14
59f. A, B, and C aresubsetsof aset S Prove the following set identities by using
previously proved identities, including those in Exercises 56-58 [and on p171].
A-(A-B)=ANB
1. A-(A-B) starting point
2. A-(ANB) def’ n set diff
3. AnN(ANpBY def’ n set diff
4. AN (A UB) DeMorgan
5. (ANA)U(ANB) dist
6. 22U (ANB) comp (5b)
7. ANB ident (4a)
83.2
22. A customer at afast-food restaurant can order a hamburger with or without

mustard, ketchup, pickle, or onion; a fish sandwich with or without lettuce,
tomato, or tartar sauce; and a choice of three kinds of soft drinks or two kinds of
milkshakes. How many different orders are possible if a customer can order at
most one hamburger, one fish sandwich, and one beverage, but can order less?

Scratch:

{0,1} hamburger (M, K, P, O) = 24 opts = 16 opts = 17 choices (incl

none)

{0,1} fish (L, T, S) = 23 opts = 8 opts = 9 choices (incl none)
{0,1} drink (S1 or S2or S3or M1 or M2) = 6 choices (incl none)



Total: 17* 9* 6 =918

§3.3

From the 83 students who want to enroll in CS 320, 32 have completed CS 120,
27 have completed CS 180, and 35 have completed CS 215. Of these, 7 have
completed both CS 120 and CS 180, 16 have completed CS 180 and CS 215, and
3 have completed CS 120 and CS 215. Two students have completed all three
courses. The prerequisite for CS 320 is completion of one of CS 120, CS 180, or
CS 215. How many students are not eligible to enroll?

A = * completed CS 120"
B = “ completed CS 180"
C = “completed CS 215"
W= “want to take CS 320"

W = 83
IA| = 3R
B| = 27
Ic| = 35
IA N B = 7
B N C| = 16
A N C| = 3
ANBNC = 2

Total number of students who have taken A, B, or C (and are thus eligible for CS
320) can be determined using the 3-set version of the Principle of Inclusion and
Exclusion:

IAUB UC|=|A|+[B|+|C|-|A N B|=|BNC|-JANC|+]ANBNC|
IAUBUC|=32+27+35-7-16-3+2
IAUBUC|=59+35-26+2=95-25=70

Total NOT able to enrall = W|-A UBUC|
83-70
13 losers

Among abank’s 214 customers with checking or savings accounts, 189 have
checking accounts, 73 have regular savings accounts, 114 have money market
savings accounts, and 69 have both checking and regular savings accounts. No
customer is allowed to have both regular savings accounts and money market
savings accounts.



a How many customers have both checking and money market savings
accounts?
93
b. How many customers have a checking account but no savings account?
16
Scratch:

P = people (customers)

A = checking accounts

B = regular savings accounts

C = money market savings accounts

[P = 214

|A] = 189

|B| = 73

IC| = 114

[ANB| = 69

BNC = 0 (by rule)

|ANC| = 93 (see proof, below)

ANBNC| = 0 (by implication; B N Cisalready @)/
a Find]ANC|

A UBUC|=IAl+B|+|C|-]A NB|-BNC|-JANC|+]ANBNC|
214=189+73+114-69-0—-]ANC| +0
[ANC|=189+ 73+ 114—-69-214

|ANC|=93

b. Find|JA—(B U C)|
A—(B NCY
A—(B -CY

189 — (141 -100)’
189 —(41)

189 —173

16

83.4
2. How many batting orders are possible for a nine-man baseball team?

9! = 362,880



58.

In a5-card hand from a standard 52-card deck, how many ways are there to have
exactly 3 jacks and 2 hearts?

Ways to have 3 jacks:
4 (four suits, one of which is missing from each possibility, equals C(4,3))

Ways to have 2 hearts:
C(13, 2) including the jack, or C(12, 2) if the jack isalready in play

Combining these possibilities with the specifications “5-card hand” and “exactly
three jacks’, we see that we can never count the Jack of Hearts as one of the two
hearts, because then we would either have four jacks (J4-Je-J&-Jv-x¥) or only
four cards (Jsi-Js-J¥-X¥).

Likewise, it would seem that we can never use the Jack of Hearts as a Jack. If we
did, then either we would have three hearts (ie, Ja-J¢- Jv-x¥-y¥), or only four
cards. Thiswould mean that the number of waysto arrive at exactly 3 jacks
would be exactly ONE: Ja-J¢-J#.

Notethat | have deliberately discounted the case in which the Jack of Heartsis
counted as both a Jack and a Heart, by filling out the hand with a fifth card which
is neither a Jack nor a Heart, ie Ja-J¢-Jv-Qv-7#. Under one interpretation of the
question, that isa“5-card hand from a standard 52-card deck...[with] ‘exactly’ 3
jacks and 2 hearts.”

Itisironic that, in this context, it isthe term “exactly” which isitself ambiguous:
does this mean that “there should be no more or less than 3 jacks, and no more or
less than 2 hearts, but no other constraints are imposed [other than the 5-card
requirement]”; or doesit mean, “the hand should be composed exclusively of 3
jacks and 2 hearts, with no cards other than jacks or heartsin the hand at all?” |
have chosen to use the second interpretation; other interpretations may yield
different results.

Therefore, the total should be (to my thinking):

JackCombinations X HeartCombinations



1xC(12,2)
121
|(12—2)!%
xw@
EZXllH
O O

6x11
66

N

68. At abirthday party, a mother serves a cookie to each of 8 children. There are
plenty of chocolate chip, peanut butter, and oatmeal cookies.

a

In how many ways can each child get one cookie? (We don't care which
child gets which kind.)

n=3

r=8
C(8+3-1,8)
45

In how many ways can each child get one cookie if at least one of each
kind of cookie is given out?

n=3

r=5
C(5+3-1,5)
21

In how many ways can each each child get one cookie if no one likes
oatmeal cookies?

n=2

r=8
C(8+2-1,8)
9

In how many ways can each child get one cookie if two children insist on
getting peanut butter?

n=3

r=6
C(6+3-1,6)
28



In how many ways can each child get one cookie if there are only two
chocolate chip cookies?

n=2 n=3

r=6 r=2
C(6+2-1,6) + C(2+3-1,2)
7 + 6

13



§3.5

1g. Expand the expression using the binomial theorem:

(2p-3g)*
1(2p)*(=30)° +4(2p)*(=30)" +6(2p)*(-30)* + 4(2p)*(-30)° +1(2p)°(-3q)*
16p* —96p°q +216p*q* - 216 pg° +81q*
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Read chapter 7 and complete the following problems:
6.1:2,4,6, 22

6.2: 4,11, 16, 25

6.3: 2,18

6.4: 8,12, 18, 23, 26

6.5:2,6,8



Section 6.1

2. Find the adjacency matrix and adjacency relation for the graph in the figure.

1 3
r——>

SN
P={(13),(23),(34. (44}

[eNeNoNe)
[eNeNoNe)
=, OO

OOrPkF

4. Find the corresponding directed graph and adjacency relation for the following
adjacency matrix.

[ecNoNoh o]
OFrEFrOOo
[eoNeNoNoNe]
FOPRFr OO
[ecNoNol o]

10

5\5
4

P={(21).(25),(32,.(34.(42,.(54}



22.

Given the adjacency relationp ={ (2, 1), (3, 2), (3, 3), (3,4), (4, 5), (6, 3), (6, 6) }
ontheset N={ 1, 2,3, 4,5, 6}, find the corresponding directed graph and
adjacency matrix.

le ®5
6
0 00OOO
1 0000O00O0
011100
000010
0 00OOO
001001

Compute the reachability matrix R for exercise 6 by using the formula:
R=A 0OA® O O0AD

0 00OOO
100000
111110
000010
0 00OOO
111111




Section 6.2

4. Determine whether the graph in the specified figure has an Euler path by using the
theorem on Euler paths.

1 2 3

4 5 6

No, the graph cannot have an Euler path, because there are four odd nodes (2, 4,
5, and 6). By the theorem, the graph can only have an Euler path if the count of
odd nodes is either zero or two.

11. Draw the adjacency matrix for the graph of Exercise 4. In applying algorithm
EulerPath, what is the value of total after the fourth pass through the while loop?

000110
000111
000011
110010
111101
011010

After the fourth pass through the loop, total equals “2”.

16. Decide by trial and error whether a Hamiltonian circuit exists for the graph of
exercise 4.

Y es, there are numerous Hamiltonian circuits to traverse the graph, including:
1-4-2-5-3-6
1-5-3-6-2-4
etc



25.

Isit possible to walk in and out of each room in the house, shown in the
accompany figure, so that each door of the house is used exactly once? Why or
why not?

If we label the rooms of the house, as well as the surrounding “lawn” (or
“sidewalk” for you urbanites), then we have the following figure:

This figure can be represented with the following graph, with nodes representing
rooms (or the lawn), and arcs indicating doors:
B A D

]
C F G

By Euler’s theorem, we could traverse this graph (walk through the house),
tracing every arc (passing through every door) exactly once, if and only if the
number of odd nodes (rooms) is zero or two.

However, looking at this graph, we see that there are four “odd” nodes (A, B, E,
and F).

Therefore, the house cannot be walked in the manner described.



{2,3,4,7,8
|1 23 4567 8

7

p=
IN

Pass 4:

|1 23 45 6 7 8

algorithm) for a path from node 3 to node 6. Show the values for p and IN and the
IN={3}

d-values and s-values for each pass through the while loop. Write out the nodes

Using the accompanying graph, apply algorithm ShortestPath (Dijkstra’s
in the shortest path and its distance.

Pass 0:

Section 6.3

2.

N ™
MmN
0 I~
™M ©
— o
N <
N ™

0o ™

4
{34
|1 23456 7 8

p
IN

Pass 1:

© [N ™
~{om o
©|o ~
&M ©
<t | ™
™ <
NjN ™

|0 ™M

N ™M

8
o <
—m
N <
N ™

0o ™

2
{2,3,4
|1 23 456 78

p=
IN

Pass 2:

QN M
M~ N
O[O -

~ WM o

N ™M

o N

n <
— ™M
N <
N ™M

0o ™

|1 23 456 78

=8
IN={2, 3,4, 8}

Pass 3:

N ™M
o N
©
™
— ™M
N <
N ™M

0o ™

T n

N ™M

o N

™
— ™M
N <
N ™M

0o ™

T n




Shortest path: 3—-1-6
distance: 2 hops
cumulative weight: 6



18. Find a minimal spanning tree for the graph in the specified figure.

Section 6.4

8. Write the nodes in a depth-first search of the graph in the accompanying figure,
beginning with the node e.

e-i-k-h-b-d-c-a-f-j-g



12.  Writethe nodes in a breadth-first search of the graph in the accompanying figure,
beginning with the node c.

c-f-b-e-a-d-h-g-j-i

18.  Writethe nodes in a breadth-first search of the graph in the accompanying figure,
beginning with the node e.

e-b-d-i-h-c-a-k-f-g-j

23.  Write the nodes in a depth-first search of the graph in the accompanying figure,
beginning with the node f.

f,b




26.  Write the nodes in a breadth-first search of the graph in the accompanying figure,

beginning with the node f.
a
b./[\
C
Y
f /‘
Y
[ ]
f,b
Section 6.5

2. Draw the depth-first search trees, where node a is the starting node of the depth-
first search. Identify the back arcs.

b c 2; »
“. d €
d > [ ]
- AN
a f
a f 1 l&
e ]
]
>4
g h i 9

back arcs. e-a, b-e, d-c

6 Draw the depth-first search trees, where node a is the starting node of the depth-
first search. Identify the back arcs.

h
e I g e j g
() o D)"
f Ve f 0
Y %
a b c d

back arcs: a-b, g-c




8.

Use algorithm ArtPoint to find the articulation points. Label TreeNumber and
BackNumber for each node, both as first assigned and as changed. Draw the
biconnected components of the graph.

visited:
tree edges:
stdout:

Biconnected
components.

1 1
a(3-9 b (22)
0”
2 43
&
4
’0
¢c(l1
L
(3
.0
4 5
‘0
®
dG5 © e(4,4)
1 1

c,baed
1

3! !5!
c is an articulation point
c is an articulation point
a b c

o M
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Complete the following problems to hand in:
8.2: 2a, 2c, 4, 8, 23a, 24b, 25¢, 35
83:2,4,13

8.4: 7,13, 20a



Section 8.2

2.
a For the machine described in Exercise 1(a), find al input sequences yielding an output
sequence of 0011110.

input:  11(1010010)0(0C11)
Posix: /211(101/010)0[01]%/

C. For the machine described in Exercise 1(c), what will be the output for an input sequence
& & agasas wherea €{0,1}, 1 <i <5?

output: Oa; a, a3 8, as whereg €{0,1}, 1 <i <5
Posix: /"0[01]{ 5} $/



Write the gtate table for the machine, and compute the output sequence for the given input
sequence.

1101100

0 >
1
0

Satetable:
Next State
Present Input

Present State 0 1 Output

S S S 1

S S S 0

S S St 1

S St S 0
Output

11101011

Draw the state graph for the machine, and compute the output sequence for the given input
sequence.

0011

Next State
Present Input

Present State Output

0

1
0
1

LYoy
N )
LI R




Sate diagram:

Output:
00111
23a Give aregular expression for the set recognized by the finite-state machine in the accompanying
figure.
1
S 0 > S

Recognized input strings:

1*000*
Posix: /71*00+$/



24b.

25e.

35.

Give aregular expression for the set recognized by each finite-state machine in the accompanying

table.
Next State
Present Input
Present State 0 1 Output
S S Sl 1
S S S 1
S S S 0
S S S 0

Recognized input strings:
(00)* O (00y* 10*
Posix: /M(00)* (10*) 2%/

Give aregular expression for the following set:
set of all strings of &' sand b’swhere each aisfollowed by twob's

Recognized input strings:
(b* (abb)* b* )*
Posix: /"(b* (abb)*b*)*

Minimize M.
Next State
Present Input
Present State 0 1 Output
0 5 3 1
1 5 2 0
2 1 3 0
3 2 4 1
4 2 0 1
5 1 4 0
O-equivalent states: {0,3,4},{1,2,5}
1-equivalent dates: {0, 3,4},{1},{2,5}
No further refinement ispossible. Let:
A={0,3 4}
B={1}
C={2 5}

Reduced machineM’:

Next State
Present Input
Present State 0 1 Output
A C A 1
B C C 0
C B A 0




Section 8.3

2. Given the Turing machine:
0,1,1,0R 2,1,1,2L)
(0,0,0,1,R) (2,0,0,2,L)
1,1,11,R (2,b,1,0,R)
(1,b,1,2,L)
a What isits behavior when started on the tape:
.| BT TJTOTJTTITOTHT ..
.| BT JOTJTTITOT]AHT . . | B]JTITOTJTITOT] BT .
1 1
[0 ]
. BJTITTOTJTITOT AT . . | BPJTITTOTJTTIT O [hT .
1 1
[0 ] _1at
b. What isits behavior when started on the tape:
[6 J1T JO0 J1 7h T..
..|b|T1|0|1|b|... ...|f|1|0|1|1|b|...
[0 ]
L bBJITOTJIT AT ..
li] ...|b|1|T1|0|1|1|b|...
[0 ]
L BT TOTJIT AT ..
...|b|1|1|?|1|1|b|...
[0 ]
L BT TOTJIT AT ..
...|b|1|1|0|T1|1|b|...
L bBJITJTOJITIT] AT ..
..|b|1|1|0|1|T1|b|...
L BAJITJTOTJITIT]T AT .
...|b|1|1|0|1|1|fy|...
L BAJITJTOTJITIT]T AT .
1 L BJIJIJOJITJTITJTIT]T AT ..

-

...and so on. The Turning machine does not recognize the pattern 101.



4. Find a Turing machine that recognizes the set of all Osand 1s containing at least one 1.
(0,0,0,0,R)
0,11L1LR
(4,0,0,1,R)
1,1,15L1LR
(4,b,b,2,R)

13. Find a Turing machine that, given an initia tape containing anonempty string of 1s, marks the
right end of the string with a* and puts a copy of th estring to the right of the*. Asan example,
the machine should, when started on atape containing:

[ J1T J1T 71 7h T..
halt on a tape containing:
[bJT JT J1T 7 J1T T 1T T1h .
0,1,1,0,R 1,1,a,2R (2,0,0,2,R) 3,0,1,3 R
(Olbl*lll L) (11*1*111 L) (21*1*121 R) (31*1*131 R)
(1,0,a,1,L) (2,b,a,1,L) (3,b,b,4R)
(1,b,b, 3, R

Section 8.4

7. Find a grammar that generates the set of all strings of well-balanced parentheses.
G=(V,Vy,S P), where

V={()SA}
Vr={()}
P consists of:
S- A A - (A)
A- () A - AA
13. Find a context-free grammar that generates the language L where L consists of the set of all

nonempty strings of 0s and 1swith twice as many Os as 1s.
G=(V,Vy,S P), where

V={01SA, B}

V:={01}

P consists of:
S - BBA Aol B-0O
S - BAB A - 1S B - 0S

S - ABB






20a.

Thefollowing isthe pumping lemma for context-free languages. Let L be any context-free
language. Then there exists some constant k such that for any word win L with [w| > k, w can be
written as the string wiwoWwswyws with wawewy| < k and wawy| > 1. Furthermore, the word
WiWWaW s €L for each i > 0.

Use the pumping lemmato show that L = {@"b"c"| n> 1} is not context free.

1. LetL={abc"|n>1}

2. Assumel is context-free hyp

3. Pick an arbitrary integer constant k

4. Pick aword wfrom L such that n>k

5 w= WWoWsWyWs pumping lemma, 2, 4
6. W wswy <k pumping lemma, 2, 5
7. Mowy>1 pumping lemma, 2, 5
8. foranywordinL, therearenb’s between thelast aand 1% ¢ (1)

9. wW,WsW, can match a+, at+b+, b+, b+c+, or c+, but not at+b+c+ (4), (6), (8)

10. w, wg w, cannot have both a’sand ¢'s 9

11. w, w, cannot have both a’'sand ¢'s (10)

12. Pick an arbitrary integer i wherei > 1
13. Letw = W1W2W3W4W5

14. w €L pumping lemma
15. wW|>w (7), (12), (13)
16. w couldn’'t have added equal numbers of a'sand c'stow (11), (13)

17. w doesn’t have an equa number of a'sand c’'s (16)

18. w 4L an, Q)

19. contradiction (14), (17)

20. O L={aw"c"|n> 1} is not context free



